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Abstract 
In this paper, the problems of analysis of flat spherical shells modelled by equilibrium finite elements are formulated and solved. A new 
second-order equilibrium finite element developed by the method of Bubnov-Galerkin is suggested. Equilibrium and geometrical 
equations are created for this element and, based on these equations, the mathematical models of the analysis problem of internal forces 
and displacements, as well as the limit external load optimization problem for the shell structures are constructed. These are nonlinear 
mathematical programming problems. The methodology is illustrated by the numerical examples. The solution results are obtained for 
the finite elements of various sizes and show very high accuracy of the suggested element and convergence of the results. 
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1. Introduction 
In this paper, two different problems associated with the analysis of the stress-strain and elastic and elastic-plastic states 
of a spherical shell subjected to symmetrical loading and the limit external load optimization are investigated. In the 
analysis problems, it is sought to define the internal forces and displacements, when the external loading, geometry and 
physical parameters of the spherical shell material are known. 
The calculation of continuum structures by numerical methods is related with the replacement of the whole structure by a 
discrete model with a finite number of degrees of freedom. For this purpose, a finite element method is commonly used. 
Three main types of finite elements are distinguished: the equilibrium elements, the displacement-based elements and the 
mixed elements [1]. The method of the geometrically compatible finite elements is best developed and mostly used, though 
it is known that equilibrium elements [2], [8], [3], [9] are characterized by higher accuracy [8]. High accuracy of the 
equilibrium finite elements is illustrated by the analysis problems of the elastic plates and shells [9], [6]. 
This paper is intended for further development of the equilibrium finite element method and for the analysis and 
optimization of the problems of elastic and elastic-plastic spherical shells. The higher accuracy of the elements allows us to 
use a lower density mesh of the finite elements and, in this way, to reduce the size of the problem. It is highly relevant for 
the analysis and optimization problems of the elastic-plastic structures. It is well known that the solution of nonlinear 
optimization problems is often complicated and the success of solving also depends on the size of the problem. 
The problem of the limit load optimization is presented in the static formulation, where unknowns are the static values – 
the generalized internal forces and the load parameter. However, the kinematical values can also be found by applying the 
duality theory. The physical model of the ideal elastic-plastic isotropic body and the Huber-Mises strength condition are 
used. Therefore, this problem is a nonlinear convex mathematical programming problem, where the equilibrium finite 
element method is used for discretization. 
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2. Discretization of spherical shell equations 
A discrete model of the shell. The shell is modelled by the circular finite elements 1,2,..., ,k r=  connected in the main 
discrete model nodes. The functions of the elastic-plastic shells can have breaks. In order to increase the accuracy of the 
results, these breaks must be considered. However, the breaks can be modelled only in the nodes, where the elements are 
connected. Therefore, while choosing the elements mesh, not only the geometry of the structure and distribution of the 
external loads, but also the possible places of the breaks should be considered. 
The spherical shell is investigated in the polar coordinate system ( )z,,ϕρ  with the origin in the centre of the structure. It 
is sufficient to investigate only one radius of such a shell, since the internal forces and displacements are independent with 
respect to the coordinate ϕ , when symmetric loading is applied. The second-order circular element created by S. Kalanta 
[9]  is used for discretization (Fig. 1). 
The stress state of the shell under the symmetrical loading is described by the vector-function of the internal forces  
( ) ( ) ( ) ( ) ( )[ ]TNNMM ρρρρρ ϕρϕρ≡S , while the external distributed load – by the vector ( ) ( ) ( )[ ]Tnρ pp ρρρ ≡P . The 
vectors-functions ( )ρS  and ( )ρp  are related by the differential static equations: 
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Fig. 1. Discretization of the flat spherical shell by circular elements with three nodal points 
Interpolation functions of the internal forces. The circular element is investigated in the system of the local 
coordinates ϕ  and ξ . The nodal internal forces are shown in Fig. 2. The relation between the global coordinate kρ  and the 
local coordinate ξk is described by the dependences as follows: 
 kkkk
k
kk
k b
b
ξρρ
ρρ
ξ +=
−
= 2
2
; , 
where 2kρ  is the coordinate of the second node in the global coordinate system ( )z,,ϕρ ; 2bk is the width of the finite 
element. The bending moments in the elements are described by the second-degree, while the axial forces – by the first-
degree polynomials: 
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Thus, the stress state of the element is described by the vector of the internal forces kS , which is composed of the 
internal forces of all three nodes (Fig. 2).  
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Fig. 2. Internal forces of the nodes 
Equilibrium equations. The interpolation functions (2) do not satisfy the differential equilibrium Eqs. (1) of the shell, 
therefore, it is necessary to write the internal equilibrium equations for every element. Thus, the shell discrete model 
equilibrium equations are composed not only of the equilibrium equations in the main nodes, where the elements are 
connected, but also of the internal equilibrium equations of the elements. 
Algebraic internal equilibrium equations of the finite element are obtained by inserting the functions (2) into the Eqs. (1) 
and differentiating: 
 ( ) .kkkk pSA =ξ  (3) 
The operator of the algebraic equations ( )kk ξA  is presented in the paper [9]. Since the operator ( )kk ξA  depends on the 
coordinate kξ , the static equations of the element can be expressed by the equilibrium equations of the element boundary 
nodes: 
 ,kkek FSA =  (4) 
which are created, using Bubnov-Galerkin collocation method. Here, 
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The element equilibrium Eqs. (4) matrix ekA  is presented in the paper [9]. 
The static equations of the node j, where the elements k and l are connected (Fig. 3), are composed of the equilibrium 
equations of bending moments, shear forces and axial forces: 
 ( ) 02 1,3,3 =+− lkk MM ρρπρ ,   ( ) 02 1,3,3 =−− lkk NN ρρπρ ,   ( ) jnklkk FQQ ,31,3,3 22 πρπρ ρρ =− , (5) 
where jnF ,  is the intensity of the normal external load in the circle jρ .  
518   Stanislovas Kalanta et al. /  Procedia Engineering  57 ( 2013 )  515 – 523 
j
FjnQρ , k3
Nρ , k3
Mρ, k3 Qρ , l3
Nρ, l3
Mρ, l3
 
Fig. 3. Forces of the main shell node 
The static equations of the shear forces are created, using the dependency: 
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The Eqs. (4) of all the elements and the Eqs. (5) of all main nodes make the algebraic system of the equilibrium 
equations of the shell discrete model: 
 ,FSA =  (6) 
where [ ]Trk SSSSS ...,,...,,, 21= denotes the vector of the discrete model internal forces composed of the nodal internal 
forces of all elements. The matrix ][A  of these equations can also be calculated by the formula ABA T= . Here, 
kdiag AA =  is a quasi-diagonal matrix composed of the diagonal blocks of the matrices kA , obtained from the 
equilibrium equations of the elements [6]: 
 rkkkk ...,,2,1, == SAP . (7) 
B  denotes the displacements compatibility matrix, which relates the displacements u  of the elements rk ...,,2,1=  with the 
displacements u  of the structure’s nodes [6]. 
Geometrical equations. The geometrical equations of the discrete model are created, applying the principle of virtual 
forces. With reference to the physical equations SDΘ = , the compatibility of the displacements u  and strains Θ  in the 
elastic structure is described by the equation: 
 0,=− uASD T  (8) 
where kdiagDD = is the quasi-diagonal flexibility matrix composed of the diagonal blocks, representing the flexibility 
matrices of the separate finite elements: 
 ( ) ( ) ( ) kkkkkkkk
T
kkk
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2
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2 HdHD ,  rk ...,,2,1= , 
where ( )kk ξH  denotes the interpolation matrix of the internal forces composed of form functions of the internal forces, 
which relate the internal forces ( )ξkS  of the elements with the nodal internal forces kS  in the dependency 
( ) ( ) kkkk SHS ξξ = ; kd is the flexibility matrix of the infinitesimal element. The above-mentioned matrix is as follows: 
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where 
k
E , 
k
υ  are the material elasticity modulus and the Poisson’s ratio of the element k; 
k
t  is the element thickness. 
The geometrical equations of the elastic-plastic shell are as follows: 
 0,=−+ uAΘSD
T
p   (9) 
where pΘ  is the vector of the plastic strains. 
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Strength conditions. The admissibility condition of the internal forces for every design section (the element node) i  of 
the discrete model of the structure is based on the non-linear strength condition [9–11]: 
 ( ) 2022222 /16 iiiiiiiii NNNNNtMMMM ≤−−++− ϕϕρρϕϕρρ  or  020 ≥−≡ iiTiii Nf SΦS ,  si ...,,2,1= , (10) 
where iN0  denotes the limit internal forces (the membranous limit axial forces) of the i -th design section. The matrix 
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is positive-definite, therefore, the conditions (10) are convex downwards. The condition (10) is homogenous, therefore, it is 
suitable to apply this condition not only to the analysis and limit equilibrium problems, but also to the optimization 
problems of the structure’s parameters. 
Assuming that the law of holonomy is valid for the ideal elastic-plastic system, the plastic strains piΘ  are described by 
the dependency: 
 iiipi SΦΘ λ2= ,    0≥iλ ,    ,...,,2,1 si =  (11) 
where 
i
λ  is the proportionality multiplier. Expressing the stress vector iS  by the sum of elastic eiS  and residual riS  
stresses ( =iS riei SS + ), the strength conditions of the structure can be described by the inequalities: 
 ( ) ( ) siNf rieii
T
rieiii ...,,2,1,0
2
0 =≥++−≡ SSΦSS . 
3. Mathematical models of the problems 
The mathematical model of the displacements and internal forces optimization for the elastic structure, modelled by the 
equilibrium finite elements, can be formulated with reference to the principle of the minimum total potential energy 
(Castigliano’s principle). When the structure is only under external load and with reference to the earlier described 
dependences, the Castigliano’s principle is described by the extreme problem as follows: 
 min,
2
1
→e
T
e SDS  (12) 
when 
 .FSA =e   (13) 
In this problem, only the vector of elastic internal forces 
e
S is unknown. The values of the displacements are presented by 
the Lagrange multipliers of the equilibrium equations. This minimization problem of total potential energy is equivalent to 
this system of equations: 
 ., 0=−= e
T
ee uASDFSA  (14)  
It is evident that the solution of this system of equations is simpler than that of the problem with the objective function. 
Initially, the internal forces e
T
e uADS
1−
=  can be eliminated and, then, the equilibrium equation can be expressed by the 
unknown displacements: 
 FuADA =− e
T1     or    FuK =
e
.  (15) 
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The matrix 1 T−=K AD A  is the stiffness matrix of the discrete model. The displacements are obtained from the system 
of equations: 
 FKu
1−
=
e
. (16) 
Then, the internal forces can be calculated, using the following formula: 
 ( ) FαFADAADS == −−− 111 TTe , (17) 
where: ( ) 111 −−−= TT ADAADα  is the influence matrix of the internal forces.  
The stiffness matrix K  of the structure can be calculated in the same way as in the method of geometrically compatible 
elements – by using the method of direct summation of the stiffness values and the stiffness matrices of the finite elements. 
The stiffness matrix of the equilibrium element is described by the formula [4]: 
 .1
T
kkkk ADAk
−
=  (18) 
The full system (14) of the equilibrium finite elements also becomes a link with the calculation of the elastic-plastic 
shells [5], [7], [10]. 
By using the equilibrium finite elements, the analysis problem of the internal forces and displacements of the elastic-
plastic structure can be formulated, based on Haar-Karmanos principle, which is expressed by the extreme problem: 
 min,
2
1
→SDS
T  (19) 
when 
 ....,,2,1,, 2 siNoiii
T
i =≤= SΦSFSA  (20) 
After replacing the unknowns 
re
SSS +=  and taking into account that FSA =
e
, conste
T
e =SDS  and 
0== r
T
er
T
e SAuSDS , the mathematical model (19)–(20) of the analysis problem can be converted into the analysis 
problem of residual internal forces and residual displacement: 
 min,
2
1
→r
T
r SDS   (21) 
when 
 ,...,,2,1,2, 2 siNoirii
T
eirii
T
rir =≤+= SΦSSΦSSA 0  (22) 
where .20
2
eii
T
eiioi NN SΦS−=  This is a convex nonlinear programming problem. 
In the limit load optimization problem, it is necessary to determine optimal distribution of the load, corresponding to the 
given distribution of the limit internal force 0N  and the aggregate maximum size load 0
T
T F , where 0F  is the vector of the 
optimized load parameters. In general, some components of the load can be fixed. Let us suppose that the fixed value load is 
described by the vector 
c
F  in the equilibrium equations, while the optimized load – by the vector .0FηF =  Then, the 
mathematical model of the limit load optimization problem is as follows: 
 max,0 →FT
T  (23) 
when 
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 0FFFηAS ≥−=+− 00 ,c , (24) 
 siNoiii
T
i ...,,2,1,
2
=≤SΦS . 
The solution of this non-linear problem is the vectors S  and ,0F  corresponding to optimal distribution of the optimal limit 
load. The residual internal forces are .
er
SSS −=  The residual internal forces can be directly determined by solving the 
problem: 
 max,0 →FT
T  (25) 
when 
 ( ) 0FFFηαSSA ≥+==− 00 ,, cer 0 , (26) 
 siNoirii
T
eirii
T
ri ...,,2,1,2
2
=≤+ SΦSSΦS  
When the number of load optimization parameters ,10 =n  load optimization problem becomes the problem of determining 
the limit load parameter. 
4. Computational research 
The purpose of computational research is to test the equilibrium finite element of a spherical shell and to illustrate some 
research results. A research object was a flat, rigidly entrenched shell with a rigid disk (Fig. 4). A shell with thickness 
004.0 Rt =  is subjected to the load p  and .144.0 1pF π=   
t = 0.04R
p
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 Fig. 4. A computational scheme of a spherical shell Fig. 5. A discrete model of a spherical shell 
Task 1. Analyse the accuracy of the elastic shell elements and the convergence of computational results. For this 
purpose, computational analysis of the elastic shell with the varying density mesh of the finite element under the loads 
2
/1 mkNp =  and kNF 1= was made. A discrete model of the shell with six finite elements is shown in Fig. 5. 
In Table 1, the values of normal displacements and axial forces of the nodes 1, 3 and 13 (according to a 6-element 
discrete model) are given for 6-, 12-, 18- and 24-element discrete models: displacement values – to the factors 
0
/pR E  and 
0
/F ER  and the values of axial forces – to the factors 
0
pR  and 
0
/ .F R  The data presented in the table show that, in the case 
of a distributed load, the calculation results of high accuracy have been obtained only for the 6-element mesh of the entire 
shell, while relatively accurate values have been obtained in the concentrator environment – node 1. In the case of a 
concentrated load, when the 6-element mesh is used, a relatively accurate displacement value, but inaccurate axial force 
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value, have been obtained in the concentrator environment. However, for the third node, which is at the distance r / 6 from 
the concentrator, and for further located nodes, sufficiently accurate results have been obtained. This shows that the 
equilibrium finite element can sufficiently accurately model the elastic state of the structure, even in the case of a shell with 
a concentrator. 
Table 1. The values of displacements and axial forces  
No-de 
Number of 
elements 
p  F  
n
u  
ρN
 
ϕN
 
n
u  
ρN
 
ϕN
 
 
1 
6 10.08 –0.313 –0.316 169.1 –4.292 –4.291 
12 10.04 –0.281 –0.301 165.8 –3.650 –4.001 
18 10.03 –0.258 –0.299 164.8 –3.190 –3.965 
24 10.03 –0.243 –0.304 164.4 –2.878 –4.068 
 
3 
6 9.424 –0.325 –0.305 136.3 –4.287 –3.634 
12 9.413 –0.322 –0.309 135.4 –4.255 –3.687 
18 9.409 –0.321 –0.311 135.2 –4.239 –3.718 
24 9.407 –0.321 –0.312 135.1 –4.230 –3.738 
 
13 
6 0 –0.200 –0.036 0 –2.043 –0.293 
12 0 –0.200 –0.046 0 –2.036 –0.445 
18 0 –0.200 –0.050 0 –2.033 –0.498 
24 0 –0.200 –0.052 0 –2.032 –0.524 
 
Task 2. A spherical shell, whose calculation scheme is given in Fig. 4, is acted upon by the concentrated force F  and the 
distributed load .p  The limit axial force of the shell is
0
.N const=  The optimal load distribution and the respective values 
of the internal forces should be determined and the analysis of the internal forces should be performed. 
The optimal load distribution is found by using a mathematical model (23)–(24).  
To analyse the accuracy of the element, the 6, 9 and 12-finite element discrete models of the shell are used. A discrete 
model with 6 elements is presented in Fig. 5. Strength conditions are analysed in all nodes of the elements. By using a 
discrete model with 6 finite elements, the optimal load values 0F =  and 
00
/558.2 RNp =  have been obtained. Strength 
conditions become the equations in all the nodes of the first element and only in the nodes 1 and 3 of other elements. Plastic 
deformations are developed in the environment of these nodes. The following values were obtained by using 9- and 12-
element discrete models: 
0 0
0, 2.566 /F p N R= =  and 
0 0
0, 2.569 /F p N R= = . It can be argued that when 6- or 12-element 
models are taken, the accurate limit load values have already been obtained, while for 6 elements, the load intensity value p  
differs inconsiderably (the error makes 0.43%). The values of the axial forces (up to the factor
0
N ) are given in Table 2.  
Table 2. The values of axial forces 
Node 
6 elements 9 elements 12 elements 
ρN
 
ϕN
 
ρN
 
ϕN
 
ρN
 
ϕN
 
1 –0.832 –0.841 –0.838 –0.847 –0.832 –0.846 
3 –0.869 –0.914 –0.869 –0.892 –0.869 –0.893 
3 –0.869 –0.892 –0.869 –0.892 –0.869 –0.891 
5 –0.887 –0.930 –0.887 –0.928 –0.887 –0.928 
5 –0.887 –0.925 –0.887 –0.926 –0.887 –0.927 
7 –0.904 –0.958 –0.903 –0.945 –0.904 –0.954 
7 –0.904 –0.922 –0.903 –0.945 –0.904 –0.937 
9 –0.910 –0.933 –0.909 –0.920 –0.909 –0.911 
9 –0.910 –0.797 –0.909 –0.830 –0.909 –0.845 
11 –0.883 –0.744 –0.876 –0.552 –0.880 –0.657 
11 –0.883 –0.514 –0.876 –0.552 –0.880 –0.450 
13 –0.813 –0.373 –0.809 –0.370 –0.805 –0.371 
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These values demonstrate high accuracy of the developed finite element in the problems of elastic-plastic state analysis. 
They are given to the common nodes of discrete models. The values of the bending moments are small, compared to the 
values of the axial forces, and, therefore, are not given. 
In the general case, the distribution of internal forces can be obtained not only by solving the optimization problem (23)–
(24) for the rigid areas of the structure. The solution of the analysis problem (19)–(20) has shown that the internal forces’ 
values given in Table 2 are true. 
The value of the optimal force 00.0634F N=  is determined by fixing the intensity of the distributed load 
0 0
1.5 /p N R= and resolving the optimization problem (23)–(24). Strength conditions become the equations in the same 
discrete model nodes, as in the case of solving the 1st optimization problem. Solving the shell analysis problem (19)–(20), 
where the load is
0 0 0 0
2 / 2.569 /p N R N R= < , it has been found that plastic deformation develops only in the environment 
of the 1st and 13th nodes. 
5. Conclusion 
A new equilibrium finite element is suggested for the analysis of the flat symmetrically loaded spherical shell. The 
bending moments and axial forces are described by the second- and first-degree polynomials. The element’s differential 
statics equations, describing the balance between the internal and external forces, are replaced with algebraic equilibrium 
equations, presented in the Bubnov-Galerkin method. Mathematical models for shell optimization problem of elastic and 
elastic-plastic state analysis and limit load are formulated. 
The presented element dependencies allow the equations, describing nodal displacements of a discrete model, to be 
directly derived like it is done in the method of the displacement elements, i.e. by using the stiffness matrix of the elements’ 
expression. 
The created element can be effectively used for the elastic-plastic spherical shell analysis, as well as for formulating and 
solving the optimization problems.  
The computational analysis performed by using the elements’ mesh of various density, has shown high accuracy and 
convergence of the calculation results. This is particularly important for the analysis of the elastic-plastic shells and for 
solving the optimization – nonlinear programming problems, whose solution success largely depends on their size (the 
number of elements). 
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